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What is Clustering?

Definition (Clustering)

A clustering of a set X is a partition of X into subsets called clusters.

Definition (Hierarchical Clustering)

A hierarchical clustering, or cluster tree, of X is a collection of subsets of X ,
referred to as clusters, that has a nested structure in that two clusters are either
disjoint or nested.
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The Computer Scientist’s POV

To a computer scientist, the correct clustering (or hierarchical clustering) of a
dataset might be viewed as one that solves an optimization problem (Puzicha
et al., 2000; Dasgupta, 2016).

A good algorithm either solves or approximates a solution to this problem, ideally
with some guarentees.

For example:

Partition the data into k clusters so that the within cluster sum of squares is
minimized (k-means problem)

min
{Ci}ki=1

k∑
i=1

∑
Xj∈Ci

||Xj − µi ||22

Note that from this perspective, that dataset is viewed as fixed, and the cluster
definition or best clustering is based on the data alone.
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The Computer Scientist’s POV

More examples:

Partition the data into k clusters so that the largest diameter of the clusters
is minimized (Grosswendt and Roeglin, 2017)

min
{Ci}ki=1

max
1≤i≤k

diam(Ci )

Partition a graph into k clusters to optimize some notion of a cut
(Von Luxburg, 2007)

min
{Ci}ki=1

1

2

k∑
i=1

W (Ci ,Ci )

In some applications, the notion of a good clustering can be further loosened. For
example, according to Shi and Malik (2000), in task of image segmentation, a
good clustering need only “extract the global impression of an image”.
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The Statistician’s POV

In statistics, the dataset is assumed representative of an underlying population
and the correct clustering of a dataset is one that is consistent with the
population level clustering.

A good clustering algorithm is consistent (exact, in the large-sample limit).
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How should the population clustering be defined?

In the mixture-model based definition, points are clustered according to the most
likely component in the mixture (Fraley and Raftery, 2002; Bouveyron et al.,
2019).

f (x) =
k∑

i=1

αi fi (x)

Ci = {x : αi fi (x) = max
1≤j≤k

αj fj(x)}.
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How should the population clustering be defined?

The mixture model based definition is problematic:

Oversegments unimodal densities

May require a choice of model (i.e. spherical Gaussian)

May require a choice in number of components or require a very large
number of components to approximate well
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How should the population clustering be defined?
In the gradient flow definition, points are assigned to the nearest mode in the
direction of the gradient (Fukunaga and Hostetler, 1975).

γx(0) = x , γ̇x(t) = ∇f (γx(t)), t ≥ 0

The clusters correspond to the basins of attraction of the modes.

{x : γx(∞) = x∗}

Under mild regularity conditions, these basins of attraction partition supp(f ) up to
a set of measure zero.
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How should the population (hierarchical) clustering be defined?

In Hartigan’s cluster tree the clusters correspond to the connected components of
the upper level sets (Hartigan, 1975).

Cf =
⋃
λ

cc({x : f (x) ≥ λ})
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How should the population (hierarchical) clustering be defined?

Hartigan’s cluster tree is generally accepted as the definition of hierarchical
clustering at the population level and has been used in subsequent works:

Balakrishnan et al. (2013), Chaudhuri et al. (2014), Eldridge et al. (2015),
and Wang et al. (2019) propose estimators of Hartigan’s tree and prove they
are consistent (meaning exact in the large-sample limit).

Kim et al. (2016) proposes a method to construct confidence sets for
Hartigan’s tree.

This hierarchical clustering is fully compatible with the gradient flow definition of
clustering (Arias-Castro and Qiao, 2023a,b).

Hartigan provides minimal motivation for this definition beyond observing that
each cluster C in his tree “conforms to the informal requirement that C is a
high-density region surrounded by a low-density region”(Hartigan, 1975).
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Previous Axiomatic Approaches to Clustering

Several works have explored axiomatic approaches to defining clustering
algorithms that take as input a finite number of data points:

Kleinberg proposes three axioms (scale-invariance, richness, and consistency)
and proves no clustering algorithm can simultaneously satisfy all three (2002).

Kleinberg (2002), Cohen-Addad et al. (2018), and Zadeh and Ben-David
(2012) prove the existence of clustering algorithms under relaxations of
Kleinberg’s original axioms.

Puzicha et al. (2000) and Ackerman and Ben-David (2009) propose a set of
axiom for a clustering objective function.

Jardine et al. (1967) and Carlsson and Mémoli (2010) propose a set of
axioms for hierarchical clustering algorithms.
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Preliminaries
We first consider the class F of piecewise constant functions with connected,
bounded support. A function in F is of the form

f =
m∑
i=1

λi IAi
; λi > 0

where each Ai is a connected, bounded region with connected interior, and
supp(f ) =

⋃m
i=1 Āi has connected interior. Without loss of generality, also assume

Ai ∩ Aj = ∅ for i ̸= j .
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Preliminaries

Definition

Given a collection of sets A = {Ai}, we define the neighborhood of Ai as
N (Ai ) =

⋃{
Aj : int

(
Ai ∪ Aj

)
is connected

}

Note that Aj ⊆ N (Ai ) ⇐⇒ Ai ⊆ N (Aj), so that we may speak of Ai and Aj as
being neighbors, which we will denote by Ai ∼ Aj
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Axiom 1: Clusters have connected interior
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Axiom 2: Clusters do not partition connected regions of constant
density

Any C ∈ C is of the form C =
⋃
i∈I

Ai for some I ⊆ {1, 2, ...,m}.
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Axiom 1 (revisted): Clusters have connected interior

If C ∈ C and Ai ,Aj ⊆ C , then there are Ak1 , . . . ,Akn ⊆ C such that
Ai ∼ Ak1 ∼ · · ·Akn ∼ Aj .
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Axiom 3: Clusters are surrounded by regions of lower density

For any C ∈ C, it holds that

inf
x∈C

f (x) > sup
x∈N (C)\C

f (x)

Here, if C =
⋃

i∈I Ai , then N (C ) =
⋃

i∈I N (Ai )
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The finest axiom cluster tree

Definition (Finer cluster tree)

We say that a cluster tree C is finer than (or a refinement of) another cluster tree
C′ if C includes all the clusters of C′, namely, C ∈ C′ =⇒ C ∈ C.

Proposition

For any f ∈ F , there exists a unique finest hierarchical clustering of f among
those satisfying the axioms.

We will call this tree the finest axiom cluster tree, denoted by C∗
f .
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Example: The finest axiom cluster tree

C∗
f = {A2,A4,A1 ∪ A2,A1 ∪ A2 ∪ A3 ∪ A4}

Lizzy Coda A Statistical Approach to Clustering December 9, 2024 21 / 47



Example: The finest axiom cluster tree

C∗
f = {A1,A5,A3 ∪ A5,A3 ∪ A4 ∪ A5,A1 ∪ A2 ∪ A3 ∪ A4 ∪ A5}
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Comparison with Hartigan’s Cluster Tree

For f ∈ F , the clusters in Hartigan’s cluster tree Hf need not satisfy Axiom 1,
and thus in general Hf ̸= C∗

f .

In the above, Hf = {A1,A1 ∪ A2,A1 ∪ A2 ∪ A3} but A1 ∪ A2 /∈ C∗
f and

C∗
f = {A1,A2,A1 ∪ A2 ∪ A3}.
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Comparison with Hartigan’s Cluster Tree

Theorem

For any f ∈ Fint, it holds that C∗
f = Hf .

We define Fint as the class of functions in F with {Ai} having the interally
connected property

Ai ∪ Aj connected =⇒ int
(
Ai ∪ Aj

)
connected
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Merge distortion pseudometric

Definition

Let (C, f ) be a pair consiting of a cluster tree and underlying density f : Ω → R.
The merge distortion distance between (C, f ) and (C′, g) is

dM((C, f ), (C′, g)) = sup
x ,y∈Ω

|mC,f (x , y)−mC′,g (x , y)|

where
mC,f (x , y) = sup

C∈C
x ,y∈C

inf
z∈C

f (z)

Lemma

dM((Hf , f ), (Hg , g)) ≤ ∥f − g∥∞

dM was introduced by Eldridge et al. (2015) and has gained some popularity in
subsequent works that discuss the consistency of hierarchical methods (Kim et al.,
2016; Wang et al., 2019).
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Extension to continuous functions with connected support

Definition

Given a continuous function f with connected support, we say that C is an axiom
cluster tree for f if there is a sequence (fn) ⊆ F such that

lim
n→∞

dM((C∗
fn , fn), (C, f )) = 0.

By the previous results, if there exists a sequence (fn) ∈ Fint that uniformly
converges to f , then the Hartigan tree Hf is an axiom cluster tree for f .
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Under what conditions does such sequence exist?

Proposition

Suppose (Ω, d) is a metric space where all closed and bounded sets are compact,
and that has the internally connected partition property. Let f : Ω → [0,∞) be
continuous with all upper level sets bounded, and such that the upper λ-level set
is connected when λ > 0 is small enough. Then, there is a sequence (fn) ∈ Fint

that converges uniformly to f .

Definition

We say that Ω has the internally connected partition
property if it is connected, and for any r > 0, there
exists a locally finite partition {Ai} of Ω that has the
internally connected property and is such that, for all
i , Ai is connected with connected interior and
diameter at most r .
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Extension to continuous functions with disconnected support

Let f be a function of the form

f =
N∑
j=1

fj ; supp(fj) ∩ supp(fk) = ∅

Again, under mild conditions on f , our axiomatic approach recovers Hartigan’s
cluster tree:

If each fj ∈ Fint , extending the axioms gives

C∗
f =

N⋃
j=1

C∗
fj
=

N⋃
j=1

Hfj = Hf

If each fj is continuous and satisfies the conditions of the previous theorem,
there exists a sequence of piecewise constant functions (fn) such that

lim
n→∞

dM((C∗
fn , fn), (Hf , f )) = 0
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Algorithmic Implications
A good hierarchical clustering algorithm is consistent with the population-level
hierarchical clustering.

Most agglomerative linkage methods (i.e. complete linkage, average linkage)
are inconsistent (Hartigan, 1977).

Despite heavy criticism of it for its “chaining” tendencies, single linkage is
consistent in R, and fractionally consistent in Rd for d ≥ 2 (Hartigan, 1981;
Penrose, 1995).
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Algorithmic Implications

Practically, there are robust variants of single linkage that overcome some of the
issues with “chaining” and have positive consistency results:

Robust single linkage (Chaudhuri et al., 2014; Eldridge et al., 2015)

Hierarchical DBSCAN (Wang et al., 2019).
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Clustering in High Dimensions

Wang et al. (2019) shows that the minimax rates for the estimation of the
Hartigan cluster tree require the sample size to grow exponentially with the
dimension (and in fact match the corresponding minimax rates for density
estimation in the L∞ norm under assumptions of Hölder smoothness on the
density).

This is a real limitation of adopting the proposed definition of the cluster tree.
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Main Question

Given a random geometric graph, is it possible to partition the graph in a way
which is consistent with the clustering given by the gradient ascent flow of the
density?

Definition (Random Geometric Graph)

A random geometric graph G(Y, ϵ) has nodes corresponding to points that are
generated iid from a density and adjacency matrix A = (aij) where aij = 1 if
||yi − yj || ≤ ϵ and aij = 0 otherwise.
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Gradient Flow Clustering

In the gradient flow definition, points are assigned to the nearest mode in the
direction of the gradient (Fukunaga and Hostetler, 1975).

γx(0) = x , γ̇x(t) = ∇f (γx(t)), t ≥ 0

Under mild regularity conditions, the basins of attraction of the modes partition
supp(f ) up to a set of measure zero.

This definition of clustering is fully compatible with the hierarchical clustering
defined by Hartigan’s cluster tree (Arias-Castro and Qiao, 2023a,b).
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Gradient Flow Clustering Algorithms

Given knowledge of the underlying density, a number of mode-seeking algorithms
have been proposed to approximate the gradient flow lines:

Euler Scheme

Mean Shift (Cheng, 1995)

Max Slope Shift (Koontz et al., 1976)

Max Shift (Arias-Castro and Qiao, 2022)

x(0) = x ; x(k + 1) ∈ argmax
x∈B̄(x(k),r)

f (x), k ≥ 1

Under mild conditions on the density and Morse regularity assumptions, these
algorithms produce a sequence that converges to the correct mode x∗.
(Arias-Castro and Qiao, 2022).
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Gradient Flow Clustering Methods

In practice the density is not known and must be estimated from data Y. The
straightforward strategy is to replace f with a kernel density estimator f̂ϵ with
bandwidth ϵ.

If only the data points are considered the Max Shift method is:

x(0) = x ; x(k + 1) ∈ argmax
x∈Y∩B̄(x(k),r)

f̂ϵ(x), k ≥ 1

If the kernel is twice differentiable and the bandwidth is chosen so that so that the
density estimator is second order consistent, and under mild conditions on the
density, the Max Shift method is consistent (Arias-Castro and Qiao, 2022).
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Graph Max Shift: Algorithm Description

Graph Max Shift initialized at node i , iteratively moves to neighbor with highest
the degree (qj denotes the degree of node j).

i0 = i ; it ∈ argmax{qj : j ∼ it−1}, t ≥ 1.

We then cluster together nodes whose paths end at the same mode.

As a final post-processing step, we merge together any two clusters whose modes
are within τ hops, where τ is a tuning parameter.
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Connection to Max Shift Method

Graph Max Shift applied to G(Y; ϵ) will compute the same hill-climbing paths as
the Max Shift method applied to Y with the flat kernel, and bandwidth and
search radius ϵ.

Recall, the Max Shift path is given by

x(0) = x ; x(k + 1) ∈ argmax
x∈Y∩B̄(x(k),r)

f̂ϵ(x), k ≥ 1

where, in this case

f̂ϵ(x) =
1

nϵd

n∑
i=1

K
(x − yi

ϵ

)
=

#{i : ∥x − yi∥ ≤ ϵ}
vdnϵd

=
qi

vdnϵd
∝ qi

Note, the flat kernel K (x) = v−1
d I(∥x∥ ≤ 1) is not differentiable, so the results of

Arias-Castro and Qiao (2022) do not apply.
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Main Theorem

Theorem

Yn := {y1, . . . , yn} is generated iid from a density f on Rd with compact support,
twice continuously differentiable, and Morse. Then, with a large enough choice of
tuning parameter τ , Graph Max Shift applied to G(Y, ϵn) is consistent when

ϵn → 0, and ϵ
max{d+4,2d}
n n/ log n → ∞.
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Numerical Experiments: Consistency Demonstration

Graph Max Shift on various random geometric graphs with n = 104, where the
underlying density f is a Gaussian mixture with different numbers of components.
Mixtures are taken from Chacón (2015).
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Numerical Experiments: Effect of ϵ

When ϵ is too small, the density estimator is not very smooth, which results in too
many modes. When ϵ is too large, the density estimator is too smooth and points
may ‘cross’ the basins of attraction.
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Numerical Experiments: Effect of τ

When τ is too small the left cluster is split into multiple clusters, but by
increasing τ = 2, the nodes in the left component are merged together. When τ is
too large, clusters in different basins of attraction are merged together

Lizzy Coda A Statistical Approach to Clustering December 9, 2024 43 / 47



Outline

1 Background

2 An Axiomatic Definition of Hierarchical Clustering

3 Graph Max Shift: A Consistent Method for Graph Clustering

4 Future Work

Lizzy Coda A Statistical Approach to Clustering December 9, 2024 44 / 47



Clustering and Embedding

t-SNE (Van der Maaten and Hinton, 2008) and UMAP (McInnes et al.,
2018) are popular dimensionality reduction methods that group the data
points as they are embedded.

In the biological sciences, it is common practice to cluster the data using
some clustering method, embed the data using t-SNE or UMAP, and color
the embedding according to the clustering.

UMAP applied to data from Chari and Pachter (2023).
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Clustering and Embedding

The embedding methods (UMAP and t-SNE) are somewhat complicated and
difficult to understand

There are minimal theoretical results on these methods, with the exceptions
of Arora et al. (2018), Linderman and Steinerberger (2019), and Cai and Ma
(2022)

Recently, there has been some debate in the biological sciences about how
UMAP and t-SNE should be used and interpreted (Chari and Pachter, 2023;
Lause et al., 2024).
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Clustering and Embedding

Can we propose a more theoretically sound, transparent method that clusters data
and then embeds it?

The idea of clustering and then embedding was originally proposed by Shepard
(1972).
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Merge distortion pseudometric

Example

Consider f = IA where A has unit measure. Then any collection of subsets of A
with a nested structure is a cluster tree for f , and the merge distortion distance
between any pair of such cluster trees is zero.

Example

A cluster can be added at a ‘split level’ so that C = Hf ∪ {R} and dM(C,Hf ) = 0.
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Merge distortion pseudometric

How different can a cluster tree C such that dM(C,Hf ) = 0 be from Hf ?

C can be constructed by removing clusters from Hf or adding cluster trees on
level sets.

C = (Hf \ {Ci : i ∈ I}) ∪ {Sj : j ∈ J}

where Ci ∈ cc(Uλi
) for some λi > 0 such that {λi : i ∈ I} has empty interior

and Sj is a cluster tree of Lλj
for some λj > 0 such that {λj : j ∈ J} are all

distinct.

If f is continuous and C is a closed cluster tree, then C contains Hf

If f is continuous with bounded upper level sets and locally finitely many
modes and C is a closed cluster tree, then for every C ∈ C,
{f > inf

z∈C
f (z)} ∩ C is some union of connected components of

{f > inf
z∈C

f (z)}.
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Hartigan Consistency

Definition (Hartigan Consistency)

Let Hf be the population cluster tree and let Ĉn be an estimator of Hf . For
A ∈ Cf , let An be the smallest cluster in Ĉn containing all data points in A. The
estimator is Hartigan consistent if for all disjoint clusters A,B ∈ Hf ,

lim
n→∞

P(An ∩ Bn = ∅) = 1

This is a weak notion of consistency.

Lizzy Coda A Statistical Approach to Clustering December 9, 2024 47 / 47



Clustering and Embedding

While the Louvain and Leiden algorithms (Blondel et al., 2008; Traag et al., 2019)
are popular choices for clustering, the exact clustering methods can vary and can
seem somewhat arbitrary or unclear:

“In brief, all quality control qualified cells were grouped into very broad categories
using known markers, then clustered using high variance gene selection,
dimensionality reduction, dimension filtering, and Jaccard–Louvain or hierarchical
(Ward) clustering. This process was repeated within each resulting cluster until
no more child clusters met differential gene expression or cluster size termination
criteria. The entire clustering procedure was repeated 100 times using 80% of all
cells sampled at random, and the frequency with which cells co-cluster was used
to generate a final set of clusters, again subject to differential gene expression or
cluster size termination criteria.” (Tasic et al., 2018)

Lizzy Coda A Statistical Approach to Clustering December 9, 2024 47 / 47



Hierarchical DBSCAN

Algorithms from Wang et al. (2019).
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Robust Single Linkage and kNN Estimator

Algorithms from Chaudhuri et al. (2014).
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